Abstract: Similarly as in AdS/CFT, the requirement that the action for spinors be stationary for solutions to the Dirac equation with fixed boundary conditions determines the form of the boundary term that needs to be added to the standard Dirac action in Kerr/CFT. We determine this boundary term and make use of it to calculate the two-point function for spinor fields in Kerr/CFT. This two-point function agrees with the correlator of a two dimensional relativistic conformal field theory.
Introduction
AdS/CFT and its generalizations play a major role in recent developments of theoretical physics. Examples which are related to realistic physical objects are, however, still rare. The ultimate goal of the Kerr/CFT correspondence is to describe the black holes of our universe in terms of a dual two dimensional conformal field theory. The concrete proposal of [1] is that the near horizon region of a near-extremal Kerr black hole (the so called near-NHEK geometry) is dual to a two dimensional conformal field theory. Even though we are still far from describing a real black hole, many tests supporting this conjecture have appeared in the literature so far (see [2] for a review). In particular, the scattering amplitudes for spinor fields computed in [3] (see also [4] ) were found to be in agreement with the conformal field theory result. Spinor fields in AdS/CFT and its non-relativistic generalizations are particularly interesting to study, as their correlation functions are many times related to semi-realistic physical observables such as the spectral function.
In this note we would like to revisit spinor fields in Kerr/CFT. We would like to consider spinor fields in the near-NHEK geometry ds 2 = 2JΓ − r(r + 4πT R )dt 2 + dr 2 r(r + 4πT R ) + dθ 2 + Λ 2 (dφ + (r + 2πT R )dt)
where Γ(θ) = 1 + cos 2 θ 2 , Λ(θ) = 2 sin θ 1 + cos 2 θ , φ ∼ φ + 2π, 0 ≤ θ ≤ π .
More concretely, we would like to calculate two-point correlation functions for spinor fields in this geometry.
Recall that in AdS/CFT spinor field correlation functions are slightly more involved than correlation functions for scalars. Let's recapitulate some highlights for spinor fields in AdS/CFT, which will become handy later on (see [5] , [6] , [7] , [8] for more details). that couples to the conformal field theory operator O. The above formula tells us that to calculate correlation functions of the CFT operator O, one needs to evaluate the gravitational action S grav for solutions to the Dirac equation with proper boundary conditions. The gravitational action functional contains a bulk term described by the standard Dirac action that vanishes for solutions to the equations of motion. In addition there is a boundary term [5] , [6] , [8] which is non-vanishing for solutions to the equations of motion. Correlation functions of the CFT operator O are determined by this boundary term. For example, the two point function of two conformal field theory operators O,Ō is given by the functional derivative of the boundary term S bdry
As nicely shown in [7] , the form of the gravitational boundary term is dictated by the variational principle. More recently it was shown that different boundary terms all satisfying the variational principle can be added to the bulk action [9] . Different boundary terms lead to different conformal field theories.
Having the explicit form of the boundary term, the main challenge is to find solutions to the Dirac equation with proper boundary conditions. The situation here is a bit more involved than for a simple scalar, because bulk and boundary spinors live in different dimensions and thus have different number of components in the minimal representation. A formula like (1.3) needs to be interpreted with more care. Since ψ is a (d + 1)-dimensional spinor it contains twice as many degrees of freedom as χ 0 that lives in d-dimensions. Only half of the components of ψ can be fixed by χ 0 . The other half is determined in terms of the first by the Dirac equation. Therefore, ψ is decomposed into two eigenstates of a projection operator
The explicit form of the projection operator depends on the dimension of the boundary. Details can be found in e.g [8] . The upshot is that for generic values of the spinor mass µ, the ψ + spinor is the leading component in the large r expansion. This spinor corresponds to the source that is fixed by the boundary condition and which couples to the conformal field theory operator 1
The spinor ψ − is determined in terms of ψ + by the Dirac equation and vanishes as it approaches the boundary. Once the spinors solving the equations of motion with proper boundary conditions are known, the evaluation of the gravitational action functional (more precisely the boundary term) will lead to the CFT correlation functions, as previously mentioned.
Similar in spirit, in this paper we show that a boundary term needs to be added to the Dirac action for spinor fields in the near-NHEK geometry for the variational principle to be satisfied. The boundary term is the key ingredient for the calculation of the fermionic correlation functions. Using the proposed boundary term, it is shown that the bulk fermionic two-point function agrees with the two-point function of a two dimensional conformal field theory. Some additional care, however, is required because we shall perform our calculation in Lorentzian signature, rather than analytically continuing to Euclidean signature. The reason is that we are not aware of an Euclidean version of the near-NHEK metric. A Lorentzian version of AdS/CFT (where the action carries an 'i')
leads to some additional subtleties that are well known in the context of AdS/CFT (see [10] for a discussion). As first explained in [11] (and later reformulated by [8] ), having complex solutions to the equations of motion requires us to amend the Lorentzian version of AdS/CFT with some further constraints:
(1) To evaluate the action functional appearing on the right hand side of (1.7) we should consider the solutions to the equations of motion with incoming boundary conditions. (2) To evaluate boundary terms of the action, we should not consider any contributions coming from the horizon. (3) Applying the Euclidean AdS/CFT prescription to the Lorentzian theory means that the desired correlator plus its complex conjugate appear once the functional derivative of the gravitational action functional is taken. The correct result for the correlator is given by one of these contributions, while the other should be discarded. We shall see that these three constraints plus the equivalence of partition functions (1.7) provides the correct fermionic correlation function in Kerr/CFT. This paper is organized as follow. In Section 2 we consider the variational principle for spinor fields in Kerr/CFT and determine the boundary term. In Section 3 we perform the calculation of the fermionic two-point function using the proposed boundary term. In Section 4 we show how the result of Section 3 can be matched with a two dimensional relativistic conformal field theory. Our conclusions appear in Section 5. In Appendix A we present the features of the near-NHEK geometry we need for the calculation of correlation functions, while Appendix B is left for notations and conventions.
Variational Principle
The bulk action for fermions with mass µ in the near-NHEK geometry is the standard Dirac action
where we have dropped an overall normalization factor. We use the representation of the four dimensional bulk gamma matrices as given in appendix B. To determine the boundary conditions on the spinor we calculate the variation of the action which is given by 2
where the dots denote terms that vanish by the equations of motion. Here g B = gg rr describes the induced boundary metric and r B is the cutoff describing the boundary of the near-NHEK geometry. The gamma matrix Γ r in the near-NHEK geometry takes the form
Boundary conditions need to be imposed so that the variation of the gravitational action vanishes. To do so, we take a closer look at the spinor solving the Dirac equation
The solution to this equation in the Kerr geometry was worked out by Chandrasekhar in the late seventies [12] . Using the Newman-Penrose formalism he showed that the Dirac equation can be separated into a radial and an angular equation. Finding an analytical expression for the solution proved, nevertheless, to be very difficult. For a long time only numerical solutions were available. More than thirty years later, an analytic expression for the solution to the Dirac equation in the near-NHEK limit was obtained in [3] . In this limit (described to the necessary details in Appendix A) the spinor computed in [3] takes the form
where R ±1/2 = R ±1/2 (r) describes the radial dependence and S ±1/2 = S ±1/2 (θ). Even though the radial part R ±1/2 of the solution is in general a hypergeometric function, we only need its asymptotic expression (for large but finite λr. The solution with infalling boundary conditions is
The coefficients appearing in these expressions are defined in terms of gamma functions
The N 's describe normalization factors
In this paper we restrict to real values of β for simplicity. Similarly as in AdS/CFT, only half of the components of ψ can be fixed at the boundary (the other half is related to the first half by the Dirac equation and will vanish at the boundary). To decide which components of ψ we would like to fix, it is convenient to introduce projection operators
which satisfy P 2 + = P + , P 2 − = P − and
These operators allow us to write the bulk spinor in terms of projector eigenstates as
Here ψ + satisfies
while ψ − obeys 14) and conjugate spinors satisfyψ
To decide whether ψ + or ψ − is the source (which gets fixed at the boundary), we notice that there is a relation between both boundary spinors 3
where the index B denotes boundary quantities. Taking into account (2.8), this relation tells us that for real β we should treat ψ B − as the source, while ψ B + vanishes at the boundary. We can now proceed to evaluate the boundary term. To do so it is convenient to write the Γ r matrix in terms of the projection operators
It is easy to see that the boundary term (2.2) becomes
We had seen that ψ − is the source, so this spinor and its conjugate are fixed at the boundary
To cancel the contribution proportional to δψ + we need to add a boundary term
This guarantees that the variation of the total action vanishes 4
It is interesting to observe that the boundary term (2.20) looks similar to the non-relativistic boundary terms recently considered in [9] . There it was argued that non-relativistic conformal field theories can be generated through Lorentz violating boundary terms, even though the underlying bulk theory is Lorentz invariant. One may wonder if the conformal field theory dual to the near-NHEK geometry could be non-relativistic. Some recent discussion on the possible connection between Kerr/CFT and non-relativistic conformal field theory has appeared recently in the literature [13] . A more extensive analysis is needed to answer this question.
It is interesting to notice that the boundary term can be written as
up to contact terms. This expression is familiar from the fermionic flux derived in [14] , [15] .
There it was shown that superradiance does not occur for a fermionic field in a Kerr geometry as the particle flux into the black hole is always positive. Precisely the same expression for the fermionic flux entered the scattering calculation done in [3] , so the above boundary term does not come as a surprise. It is nice to see this expression emerge from the variational principle.
3 The precise relation is given in the next section. 4 Here we used δψ † + r B = 0, since ψ † + ∼ψ−.
Fermionic Two-Point Function: the Bulk
To calculate correlation functions for spinors in the near-NHEK geometry we need to evaluate the boundary term (2.22) for spinors satisfying the equations of motion. We would like to express the bulk spinor (2.5) in terms of its value on the boundary. To do so it is convenient to off the θ dependence by introducing spinors a ±
A and B are arbitrary non-zero entries, so that Z is invertible. The eigenstates of the projection operator ψ ± can be conveniently written as
Since there is a relation between a + and a − , Γ 0 a + = a − , we can write the bulk spinor in terms of a − only
Using equation ((3.2)) we can express this spinor and its conjugate in terms of boundary data
where the bar onR ±1/2 means complex conjugation. To apply the prescription (1.4) for computing the boundary two-point function, we would like to express the boundary term as a double integral over momenta. This will allow us to take the functional derivative. Fourier transforming along the t are φ directions we introduce new spinors
where n L and n R are the momenta dual to the coordinates t and φ. We insert ψ andψ into the boundary term
where the determinant of the metric only depends on θ and the cutoff r B
Using the explicit form of Γ r and the properties of the projection operator listed in appendix B, we can evaluate the integrand of the boundary term
where we have dropped the coordinate dependency on the rhs for simplicity of the notation. We would like to factor out the θ-dependency of the boundary term. To do so notice that ψ B − can be split into a two dimensional chiral spinor χ 0 and a boundary spinor describing the theta dependence ψ
In the four dimensional representation space we know each spinor explicitly
Inserting this into (3.7) the boundary term we notice that the theta dependence of the relevant contribution (the first term of the expression below) can be factored out
.
The second term in this expression describes a contact term that can be ignored, so we evaluate the first term. To do so we expand R 1/2 and R −1/2 around r B using equations (2.6)-(2.9) to evaluate individual contributions. We are left with
The first term above is obviously the contact term. The second and third terms are complex conjugate to each other. Similarly as for the scalar two point function in Lorentzian AdS/CFT considered in [11] , this means that the two point function is real, which is not what we want. The proposal of [11] is to drop the complex conjugate solution. The r B -factor here can be absorbed into χ 0 by rescaling
Last, we factored out the ratio
which is momentum dependent but not part of the two point function. A similar factor emerges in AdS/CFT calculations [8] .
The expression (3.13) agrees with the proposal of [4] . Recall that the relation between G R and the absorption probability σ is Im G R ∼ σ. The Greens function we calculated precisely gives the absorption probability of [16] . 5 
Fermionic Two-Point Function: CFT Result
This section serves as a reminder for some basics on finite temperature conformal field theory. We would like to write the finite temperature two-point function of a two dimensional CFT in momentum space and compare with the result of the previous section. We start with the more familiar zero temperature correlation function in coordinate space. The zero temperature two-point function of a conformal field theory operator with conformal weights
takes (up to a constant) the following form in coordinate space
More explicitly we can use the following representation of the gamma matrices
3) 5 We thank Tom Hartman for pointing this out.
and the coordinates 
The formula (4.5) is the two-point function OŌ for a non-chiral spinor operator O. The AdS/CFT correspondence gives a correlator only between chiral/antichiral parts of the operator O.
we see that the non-zero elements of (4.5) can be identified with
After analytic continuation t ± → it ± , we Fourier transform the two-point function assuming only integer frequencies ω E = 2πkT by using
This matches the expression computed on the bulk side.
Conclusions
In this note we have calculated finite temperature two point correlations functions for fermionic fields in Kerr/CFT using the variational principle. Fermionic fields are particularly interesting because their correlation functions describe semi-realistic physical observables, such as the spectral function.
To perform this calculation we have followed an approach well known for AdS/CFT. After analyzing the variational principle we have seen that a boundary term needs to be added to the Dirac action for the variational principle to be satisfied. This boundary term is responsible for generating non-trivial fermion correlation functions. Kerr/CFT is a duality in which a four-dimensional bulk geometry is dual to a two-dimensional conformal field theory. The fact that the conformal field theory lives in two dimensions less than the original bulk theory may sound at first surprising because from AdS/CFT we are used to the fact that the conformal field theory lives in one dimension less than the bulk rather than two. Fermions allow us to very nicely understand this aspect of Kerr/CFT because fermions, as opposed to scalars, are very sensitive to the number of space-time dimensions they live in. The boundary of the near-NHEK geometry is a three-dimensional theory described by the coordinates t,φ and θ, while the radial coordinate approaches a large but finite cutoff r B . Performing the calculation of the two point-function for two spinors living on the 3D boundary, we have seen that the theta dependence of the correlation function factors out. Therefore, the fermion correlation function effectively becomes that of a two dimensional relativistic conformal field theory.
Our calculation was performed in Lorentzian signature rather than with an analytic continuation to Euclidean signature. We are not aware of a sensible Euclidean analytic continuation of the near-NHEK metric. For this reason we needed to impose some additional constraints on the two-point function that are well known from Lorentzian approaches to AdS/CFT [11] .
An interesting observation is that the gravitational action functional needed the inclusion of a boundary term that breaks Lorentz invariance and one may wonder if the boundary conformal field theory could be a non-relativistic theory once corrections to the leading terms are included. This would be similar in spirit to the recent discussion appearing in [9] in the context of AdS/CFT. Here a bulk theory in AdS 4 space-time is supplied with boundary conditions on the spinor field that break Lorentz invariance and it is argued that the dual conformal field theory is non-relativistic. Some recent discussion on the connection between Kerr/CFT and non-relativistic conformal field theories has recently appeared in [13] . It would be interesting to explore this connection in more detail.
Finally, it would be interesting to extend our calculation to the Kerr-Newman geometry, as well as to other correlation functions involving e.g fermions and gauge fields. We hope to report on this in the future.
12J/ . The near-NHEK metric is constructed by taking a special limit of the Kerr metric. Let us summarize the main steps of this construction, as they are needed for the calculation of the fermionic two-point function. The geometry of the Kerr black hole is described by the metric
with ∆ =r 2 − 2Mr + a 2 ,ρ 2 =r 2 + a 2 cos 2 θ. In general, there are two horizons at
where a is the proportionality factor between the angular momentum and the mass J = aM . The Hawking temperature and the angular velocity of the horizon are
The near horizon limit of the near extremal Kerr black hole can be defined by taking the limit T H → 0,r → r + with the dimensionless near-horizon temperature T R = 2M T H λ fixed when λ → 0. Following [3] the metric of the near-NHEK space-time is obtained by performing the expansions The appearance of λ in (A.5) may look confusing. The range of the near-NHEK space is parametrized by the radial coordinate r, where it takes values 0 < λr ≪ 1. Notice that since λ ≪ 1, the position of the near-NHEK boundary is at some large but still finite value of r. • The curved gamma for the near NHEK geometry are given in [3] 
B Notations and Conventions
where the Newman-Penrose tetrad for the near-NHEK was worked out in [4] l µ = 1 r(r + 4πT R )
(1, r(r + 4πT R ), 0, −(r + 2πT R )) , 
